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We derive the effective potentials for composite operators in a Nambu-Jona-Lasinio (NJL) model 
at zero and finite temperature and show that in each case they are equivalent to the corresponding 
effective potentials based on an auxiliary scalar field. The both effective potentials could lead to the 
same possible spontaneous breaking and restoration of symmetries including chiral symmetry if the 
momentum cutoff in the loop integrals is large enough, and can be transformed to each other when 
the Schwinger-Dyson (SD) equation of the dynamical fermion mass from the fermion-antifermion 
vacuum (or thermal) condensates is used. The results also generally indicate that two effective 
\ potentials with the same single order parameter but rather different mathematical expressions can 

■ still be considered physically equivalent if the SD equation corresponding to the extreme value 
' conditions of the two potentials have the same form. 
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■ I. INTRODUCTION 

q; 

\ Effective potential Q, IM |^ ^ 1^ is a basic means to research the vacuum of quantum field theory and spontaneous 
symmetry breaking. It can be derived by means of different approaches. Consider a simple Nambu-Jona-Lasinio 
(NJL) model of four-fermion interactions 

*> N N 

\S C{x) = ^^'=(x)z7^a,,^fc(x) + |^[^'=(:r)Vfe(x)]2, (1) 

P\J \ k=l k=l 

[ where ipk{x) are the fermion fields with N "color" components and g is the four-fermion coupling constant. The 
' conventional approach to derive effective potential of the model is to introduce an auxiliary scalar field cr(x) 7], since 
the Lagrangian (1) is equivalent to 

o '. 

, N N 

^ ■ C^{x) = J2 ^Hx)n''d^Mx) - cj{x) ^Hx)M=^) - ^^'(a:), (2) 

I ' fe=l k=l ^ 

Oh 

D , Then, In terms of a local external source J{x) and the standard procedure, one will obtain from Eq.(2) the effective 
' action and corresponding effective potential. The latter, in the leading order of 1/N expansion, can be expressed by 
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where the constant "classical field " ac has been identified with the dynamical fermion mass mo. 

Alternatively, we may have another approach to derive effective potential of the model (1), i.e. the effective action 
approach for composite operators presented by Conwall, Jackiw and Tomboulis (CJT) j^. In this approach, instead 
of introducing an auxiliary scalar field, one considers the fermion propagator as the order parameter of the effective 
potential. Since the fermion propagator G(x, y) is a bi-local function, one must put in a bi-local external source 
K{x, y). The effective action is the energy of the system when G{x, y) is fixed. Hence in the derivation of the effective 
action, the external source K{x,y) must be so selected as to keep G{x,y) to be fixed. In the final result, G{x,y) will 
be the exact fermion propagator, i.e. no higher order corrections to it. The CJT effective action r[G] for the models 
without a basic scalar field can be expressed by |^ 0| 

T[G] = -iTTln{SG-^) - i7r{S-^G) + ilrl + T2[G], (4) 

where 
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i.e. S corresponds to the propagator for free massless fermion. The Tr is in functional sense. The first three terms 
in Eq.(4) are the contributions of one-loop diagrams and ^2[G] represents the contributions of two- and more- loop 
vacuum graphs without fermion self-energy correction, since G is the exact fermion propagator. In a theory of 
translational invariance, G(x, y) = G(.t — y), we can define the effective potential V[G] by 

T[G]^~nV[G], (5) 

where is the space-time volume. In the four- fermion interaction model given by Eq.(l), we will have V[G] = V^(too), 
i.e. the order parameter may be replaced by the dynamical fermion mass toq. 

Several natural and interesting questions follow: whether is the effective potential so derived equivalent to the one 
from the auxiliary scalar field or not? Whether is there any relation between the two effective potentials? What will 
it mean if the answers are positive? In this paper we will reply the above questions through calculating CTJ potential 
of the model (1) and comparing it with the result from the auxiliary scalar field approach. Besides zero temperature 
case, we will also discuss finite temperature case. The discussions will be conducted in the real-time thermal field 
theory [Hill 113, and this could give us some more insight of that how to calculate CJT effective potential in the 
real-time formalism of thermal field theory, noting that conventional calculations were made in the imaginary-time 
formalism |l4|. 

The paper is arranged as follows. In Sec^ we will derive the CJT potential of the model (1) when temperature 
T = and fermionic chemical potential ^ = 0, discuss spontaneous symmetry breaking and explore the relation 
between the result and Eq.(3) from the auxiliary scalar field approach. In Sec lIIII the above discussions will be 
generalized to the case of finite T and finite /x and in Sec II VI we give our conclusions. 



II. CJT POTENTIAL AT T = ^ = 

In the momentum space, we have 

S{p) = i/^, G{p)^i/{^-mo), ^ = 7>^, (6) 

where G{p) is the exact fermion propagator when the four-fermion interactions exist and the dynamical fermion mass 
Too should be a constant. When keeping only the vacuum- vacuum diagram up to two- loop order with one four-fermion 
coupling vertex in r2[C?], we will obtain from Eq.(4) the CJT effective action of the model (1) at T = /j, = 

T[G] = -iN{[tTlnS{p)G-\p)+trS-\p)G{p)-tTl]{p\p)) 

+ ^{trGip)fi2nfSH0), (7) 

where tr only represents the trace of a spinor matrix, the denotation (• • •) has been used for J d'*p/(27r)^. By means 
of Eq.(6) and the relations {p\p) — (27r)'*(5*(0) = fl, we can write Eq.(7) by 

r[G] = -nv{mo) (8) 

where, after the Wick rotation of the integral variable p, the effective potential ^(too) may be expressed by 

^ -2NL^^)+m(<)-SN^g(^)\ (9) 
\ p-' I \p^ / \ p"^ -f mg / 

where and afterwards, the denotation p will be understood as Euclidean 4 momentum. By the effective potential 
y(TOo), we may discuss spontaneous symmetry breaking of the model (1). A non-zero order parameter Too in the 

vacuum state will mean spontaneous breaking of the discrete chiral symmetry xd'- ''Pkix) J5ipk{x) and the special 

v 

parities Vj: tpkit, ■■ ■ ,■■ ■) — ^ ^^tpk{t, • • • , —x^, ■ ■ — 1,2,3). It is obtained from Eq.(9) that 

dmo \{p^+ml)^/\ \p^+ml/J ^ ^ 

with 
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where A is the 4 dimensional EucUdean momentum cutoff. It is easy to check that 



-9 9 

p — m.Q 



A2 

> 0, when — > 1.82. 



(11) 



Assuming that A is large so that Eq.(ll) is true, then the extreme value condition dV{mo)/dmo = will be satisfied 
if 1) mo = and 2) uiq = TOqi, where TOqi is determined by the gap equation 



Then we may verify that 
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> 0, if — 



> 1.82. 
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Obviously, when 1 — 4:Ng{l/p'^) = 1 — NgA? /Att^ > or NgK"^ /A-k"^ < 1, i.e. the four-fermion coupling g is weak. 



V{mo) has the only minimum point nio 
when 



thus no spontaneous symmetry breaking occurs in this case; Conversely, 



NgA^ 
47r2 



>1, 



(15) 



i.e. the four-fermion coupling g is strong enough, V{mo) will have a maximum point toq = and a minimum point 
mo = moi which is now the non-zero solution of Eq.(12). In this case spontaneous symmetry breaking will occur. 
Noting that Eq.(15) is compatible with the condition A^/moi > 1.82. 

We indicate that the same conclusion can be obtained by the effective potential (3) derived from the auxiliary scalar 
field approach. In fact, after the Wick rotation, Eq.(3) becomes 



V,(m.) = f 



27V ( In 



p2 



and it further leads to 
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mo ,^ 
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(16) 
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It is seen by a comparison that Eq.(17) and Eq.(lO) are identical except a factor ANg{{p^ — mQ)/{p^ + mo)^). 
Consequently, as far as symmetry breaking is concerned, Kt(wo) will lead to the same conclusion as V(mo) when 
A2/m,Q > 1.82. We notice that in the auxiliary scalar field approach, the dynamical fermion mass mo comes from the 
vacuum expectation value of the scalar field (j{x) and in the CJT composite operator approach, mo originates from 
the fermion-antifermion condensates (V'V') through the relation 



mo 



-|(#)=4Af5 



mo 



p^ + mi 



(18) 



Hence if we substitute Eq.(18) into the CJT potential V(mo) in Eq.(9) and physically this amounts to view —^{■ipip) 
effectively as the vacuum expectation value of an auxiliary scalar field, then we should be able to obtain Va{mQ) from 
V{mo). This is in fact true. Comparing Eq.(9) with Eq.(16) we may see that the last two terms in Eq.(9) should 
correspond to the first term in the right-handed side of Eq.(16). This can be directly verified by putting Eq.(18) into 
Eq.(9). 

We emphasize that the key sectors of the extreme value equations dV{mo)/dmo = and dVa{mo)/dmo = are 
the same and it is just Eq.(18). This fact indicates that V{mo) and V^(mo) are essentially determined by the form of 
the SD equation (18) and this explains that why they are completely equivalent despite their difii'erent expressions. 



III. CJT POTENTIAL AT FINITE T AND 



The extension of the CJT effective potential (4) to finite T and /j, can be expressed in the real-time formalism of 
thermal field theory by 



Tt[G] = -iTr[ln(S'TG^^)]" - iTr(S'^iGT)" + ilrl + V2t[G] 



(19) 



where St and Gt are 2x2 thermal matrix propagators, the superscript "11" represents the 11 component of the 
corresponding matrix. In the momentum space, we have pT| 



St{p) - MpS{p)Mj>, Gt{p) = MpG{p)Mp 
with the thermal transformation matrix Mp defined by 



Mr, 



COS! 



sin 6„ 



Oip") 
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and 



where 







- 1^ S*{p) ) ' ^^P> - [ G*ip) 



S{p) = + - - le) 

G{p) — i/{fS — m + ie), G*{p) = — m ~ ie) 



(20) 
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and m — m(T,fj,) is the dynamical fcrmion mass at finite T and /i. Noting that, by Eq.(20), 

\nST{p)GT\p) = \nMpS{p)G~\p)Mp^ = MplnS'(p)G~^(p)Afp-i. 



(23) 



(24) 



The last step can be checked by a formal power series expansion of the In expression. We may obtain from Eqs. 
(21)-(24) that 



tr[lnS'T(p)Gj;i(p)]" = cos^ eptr\n[S{p)G-\p)] + sin^ eptT\n[S*{p)G-^* {p)] 



= 2 cos^ 6'„ In 1 - — 

\ p^ + ie 

Similarly, we may obtain 

tr[S^\p)GT{p)r = tr[M-'S-\p)G{p)Mp]' 



2 sin^ 6lp In ( 1 - — 



(25) 



= cos^ 9ptr[S~\p)G{p)] + sin^ 0ptT[S-'^* {p)G* (p)] 



^9 9 I ■ 



sin^ a 



P 9 9 ■ 



(26) 



To two- loop order of the four-fcrmion interactions, we can calculate 
r2T[G] = I (TrGi,i)2 (2^)4^4(0) 
= |iV2(trG^i(p))^f7 
= I^V^ (tr[cos2 6'pG(p) - sin^ 0pG*{p)])^ n 



SgN-" ( cos^ Op 



p2 _ _|_ 



sm 



P 2 9 



f7. 



Substituting Eqs.(25)-(27) into Eq.(19), we will get the effective action at finite T and /x 

rT[G] = -w(r,Ai,m), 



(27) 



(28) 
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where 



r,2 



sin^ 6,„ In ( 1 



+i4:N ( cos^ 61. 



P 9 9 I • 



+8gN^ { cos^ 9p— 



sm 



P 9 9 • 



sin^ 9, 



P 9 9 ■ 



(29) 



is the effective potential at finite T and /i with the order parameter m. By using Eq.(29), we can discuss spontaneous 
symmetry breaking of the model at finite T and /i. It is found out that 



dV{T,fj.,m) 
dm 



[p^ — vn? + ie)'^ 



TO 1 - ANg 



P — irr + ie 



-2t:5{P -m^)sn? 9i 



(30) 



In view of Eq.(ll), we will have (z(p^ + m?)/{p'^ — vn? + le)^) > 0, if A? /m? > 1.82 (after Wick rotation) is assumed. 
Then the extreme value condition dV{T, fj,,m)/dm = will correspond to the equation 



TO 1 - 4Ng 



2TTS{l-m^)sm^9i ) = 



(31) 



TO^ + le 

which is just the Schwinger-Dyson equation to = —{g/2)(tp'ip)T obeyed by the dynamical fcrmion mass to at finite T 
and /i, where {ipip)T is the thermal condensates at temperature T [l2|. The possible solutions of Eq.(31) arc that 1) 
m — and 2) to = mi, where toi obeys the gap equation 



l-4Ng 

We may further find out that 

d^V{T,n,m) 



P — 1711+ 



27rS{P - ml) sin^ 9i 



0. 



dm^ 



m=0 



iVA2 
1^ 



NgK^ Ng . 
l-^^ + ^^3(T,M,m = 0) 



(32) 
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with the denotations 



and 



F3(r,/i,TO) = 2T2 / 
Jo 



d^V{T,n,m) 



dxx 



dm^ 



= 32N^g 



exp{y^ + — r) + 1 



+ (-r r) 



m /i 
, y = — , r - 
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p — m\ 



(p2 + m\Y I \ (p^ + TO^)2 



The gap equation (32) can be changed into 

^ NgtP ^ Ng 



F3{T,n,mi) 



ml 



> 0, if 







A2 



T' 



> 1.82. 



T 



47r2 27r2 

and it is noted that F3{T, ji, to) increases as to goes down. We may see from Eq.(33) that if 

NgK^ Ng 



(34) 



(35) 



1 



4vr2 +^^3(r,M,m = 0)<0, 



then TO = will be a maximum point of V(T, fj,,m) and it is easy to verify that in this case Eq.(35) could have a 
solution TOi ^ which , by Eq.(34), is a minimum point of V{T, fi,m), hence we will have spontaneous symmetry 
breaking at finite T and fi. However, as T and/or fi further increase, F^lT, ii,m) will go up, and by Eq.(35), TOi will 
go down and finally to zero. As a result, we will obtain the equation satisfied by critical temperature and the 
critical chemical potential /ic 



NgA^ Ng 
~ +2^^ = 0) = 0. 



(36) 
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At Tc and /Xc, we get from Eqs. (33) and (36) 



^^V{T,,^i,,m) 



dm? 



= 0. 



If T and/or fi continue to go up and F3{T, fj,,m — 0) will also further increase, then we will be led to 



dim? 



> 0. 



m=0 



This indicates that at the critical point Tc and /ic, m — will change from being a maximum into a minimum, the 
order parameter m also varies from nonzero to zero. V(T^ fi, m) will be left the only minimum point m — and this 
means that the discrete chiral symmetry xd and the special parities 'Pj{j = 1, 2,3) which are spontaneously broken 
at r = /J, = and T < Tc and/or n < fic will be restored. However, the above discussions do not involve the order of 
the phase transition. For the latter more demonstrations are needed [T5l |. 

Similar to the zero temperature case, the above conclusions coming from the CJT potential V(T, fi.m) can also 
be reached by the effective potential Va{T, ^,m) based on the auxiliary scalar field. The effective potential of a 
NJL model at finite T and /i based on auxiliary field was derived for the first time in Ref. I6J. For the model (I), 
Va-(T, fi,m) and relevant expressions can be written by 



V^{T,^i,m) = — 
25 



i2N {^cos^ 



In 1 - 
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I - 
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^F^{T,^i,m^{)) 



(39) 
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8m^ 
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■ le] 



>0, 



(40) 



where toi is the non-zero solution of dVa{T, ^,m)/dm — 0. Obviously Eqs.(37)-(40) will reproduce the total conclu- 
sions from the CJT potential V{T, /i, m). This indicates that at finite T and /i, the two potentials are also completely 
equivalent. In fact, if substituting the SD equation (31) from the thermal condensates {tpip)T into Eq.(29), then 
we will reduce V{T, ii,m) to Va{T, ii,m) given by Eq.(37). This shows that the following two approaches will lead 
to physically identical results: one is that after the thermal condensates ('0V')t are formed, to consider them as an 
effective constant scalar field to generate the dynamical fermion mass m, and another one is that from the beginning of 
the discussions, to replace the four-fermion interactions by the effective Yukawa coupling between an auxiliary scalar 
field and the fermions so as to spontaneously obtain the fermion mass m. Although the CJT potential V{T, fj,,m) 
and the auxiliary scalar field effective potential Va{T, ii,m) may have different expressions, the key sector contained 
in the both are the same. That is the derived Schwinger-Dyson equation (31) from the thermal condensates (■0'0)t. 



IV. CONCLUSIONS 



We have proven that in a 4D NJL model, the CJT effective potential based on composite operators and the effective 
potential based on an auxiliary scalar field are completely equivalent not only at T = /.t = but also at a finite T 
and jji if the momentum cutoff in the fermion loop integrals is large enough. The two effective potentials may give 
the same possible spontaneous symmetry (including chiral symmetry) breaking a,t T — ^ — Q and a low T and /i, and 
symmetry restoration at a finite T and /i. Although the expressions of the two effective potentials are different, the key 
sectors of the both are the same, it is the derived Schwinger-Dyson equation originated from the fermion -antifermion 
condensates. In particular, when the above equation is used, the two potentials can be transformed to each other. 
The discussions also imply that, in general, an effective potential, at least the one containing a single order parameter, 
is essentially determined by the Schwinger-Dyson equation corresponding to the extreme condition of the effective 
potential. This is because the mathematical form of the SD equation will determine the effective potential's extreme 
value points, maximums, minimums, etc. and they are essential for research on spontaneous symmetry breaking. 
Hence, corresponding to a given form of the SD equation, it seems that we are allowed to have different expressions 
for the corresponding effective potential |3] . 
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